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Abstract 



Expressions are given for the elliptic genera of the Kazama-Suzuki models associated 
with hermitian symmetric spaces when the problems of field identifications are absent. We 
use the models' known Coulomb gas descriptions. 
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Starting from the work of Witten [^ the past year has witnessed a resurgence of re- 
search activities in the subject of elhptic genus [0-^ in the particular context of A^ = 2 
super (conformal) field theories ||5|-[T2|. Through this development the N = 2 elliptic genera 
have been computed for various models including the minimal models, Landau- Ginzburg 
models and their orbifolds, and sigma models. It is natural to ask if we can extend this 
list so as to cover another large class of A^ = 2 superconformal field theories, the so-called 
Kazama-Suzuki models 
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Of course for some special cases of the models that admit 
Landau- Ginzburg formulations we already have one of the expressions at hand, however, 
for general Kazama-Suzuki models their elliptic genera have not been obtained. 

In this note we give one possible expression for the elliptic genera of the Kazama- 
Suzuki models associated with hermitian symmetric spaces (henceforth abbreviated as HSS 
models). The HSS models are known to admit the Coulomb gas descriptions, i.e. those 
in terms of a combined system of bosons and parafermions |ll^-p!7| and we will essentially 
make use of this fact for our purpose. In particular we will adhere to the point of view 
advocated in |T^ and some of the technologies encountered there will be exploited here 
also. 

Our starting point is a slight extension of the branching relation considered in [|l^ as a 
Lie algebraic extension of Gepner's branching relation for the N = 2 minimal model |ll9 |. 
Before writing this down we have to explain our notation. 

We fix, once and for all, a simple Lie algebra g of rank n. We use the convention 
in which the length of any long root is equal to \/2, thus 9"^ = 2 where 9 is the highest 
root of g. The simple roots and fundamental weights of g are denoted respectively by 
q;i,...,q;„ and cji, ..., u;„. The Weyl vector is defined to be p = ^ Z]aeA+ Q^ = m=i^i 
where A"*" is the set of positive roots of g. Given a root a the corresponding coroot is 
written as a^ = ^a. We frequently use the lattices P = 1]"=! ZcUj (the weight lattice), 
Q = Z^iLi 2'^i (the root lattice) and Q^ = Z^^Li Za^(the coroot lattice) as well as the set 
P^ = {A G J2i=i'^>o^i '■ \ ■ 9 < k}. The dual Coxeter number of g is denoted by g. 
Let W be the Weyl group of g. We write the length oi w & W as £{w). The notation 
e [x] = exp{2Tcix) will be used throughout. 

The theta function of level k is defined by 
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The Weyl-Kac character at level k of the affine Lie algebra g is 
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The fundamental branching relation we consider is 



X^(r,M)e^,g(r,M-i;) 






y£P/{k+g)Q 



k + g 



(5) 



(6) 



(7) 



which reduces to the one for the N = 2 minimal models in the case g = su(2). Using the 
multiplication formula 
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it is straightforward to find 
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where c^{t) is the string function defined through x^i'^^ "") = Eagp/A:Qv ^xi'^)^\k{'r, u) and 
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As an immediate consequence of (0), we find that 
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It also easily follows from (^ that 
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X 
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for K, X e P. 

We also need to introduce the alternating sum 
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We will construct the elliptic genera of HSS models taking Xu'^i'^j'^) {or actually 
X^(r, f)) as basic building blocks. Before presenting the result, we need to make a di- 
gression on some mathematical technicalities relevant in our argument. Since almost all 



of these are gathered in appendices of [|lj] , we shall be very brief. For a fuller explanation 
and notation the reader is advised to refer to that paper. 

Let J = {i e {1, 2, ■ ■ ■ ,77,} : Oj = 1} where Oj's are positive integers such that 9 = 
X^iLi flitti and are tabulated for instance in |jT^. The set J is non-empty iff g = An, Bn, 
Cn, Dn, Eq or E7 and we shall be exclusively concerned with these cases. Given a # G J 
then g^ is defined to be the semi-simple Lie algebra obtained by deleting the node # from 
the Dynkin diagram of g and we remark that a^ is always a long root. For each ^ & J 
we obtain a hermitian symmetric space g/in# where m# is the reductive subalgebra such 
that in# ~ g# © u(l) and we shall set D^ = ^ dimR(g/m#). Let W# be the subgroup of 
W corresponding to the Weyl group of g# and W^ = {w E W : w~^{A^) C A+} where 
A J is the subset of A"*" correspnding to the set of positive roots of g#. Kostant's lemma 



states that there is a unique decomposition of any w E W as w = w'w" where w' G W# 
and w" G VT*. Hence {W^l = \W\/\W#\. For the elements of VT* we have 

e{a) = {p-a{p))-uj#, yaeW*. (21) 

Denoting the translation by ku^ as ikw^ and the longest element in ly* as w*, we set 

7#,fc = tkuj^w* . (22) 

Then the 7#,fc's, as # runs through J, generate the group of diagram automorphism Q^ 
which is isomorphic to P/Q regardless of the value of the nonnegative integer k. It follows 
that 'y^^g(p) = p or equivalently 

p-w*{p)=gu;#. (23) 

The following formula is worth noting: 

w{A + p)+j{k + g)uj# = w{w*)-^{^#,k+gy{A + p) (mod(fc + (7)Q^), jGZ, (24) 

where A G P^ and w E W and especially 

wip)+jgu# = wiw*y^ip) {mod gQ""), jeZ. (25) 

Furthermore we have 

D# = £iw*) = gcul = 2p-u#. (26) 

The existence of diagram automorphism is closely related to field identifications pO| . 
In fact from what we have explained we can easily deduce that 

'^J#{A,^L,u),{A',^^'y) - ^{A,^,,u),iA',^l'y) > \^') 

where 

7#(A, /i, u) = (7#,fc(A), /i + guj#, u + {k + g)uj#) , (28) 

and 

In general if the group of diagram automorphism acts non-freely it is difficult to construct 
modular invariant partition functions. In the following we simply assume that the group 
of diagram automorphism acts without fixed points thus evading subtle problems. 
Hence we may define 

^(^'^) = T7^\ E E <K^(^>^)(^.^(^>0))* (30) 

I /^lA,AGP^'^eP/(fc+9)Q^ 

= rp)^ E E(-i)^^'"^<l^;;(A.p)(-^-)^ (31) 

' ' ^' A,AGP*«'eM^ 



where A^^ ^'s are non-negative integers such that they define a modular invariant partition 



function of the WZW model at level k, i.e. it satisfies 
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In the step going from ( ^0]) to (^Tj) we used flS 



x;^(r,o)=E(-ir^^«:r'- 



(32) 
(33) 

(34) 



(35) 



u&W 



Using dH), ([T|), (|3|) and (||) we can show that 
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Let us fix X G J and consider the HSS model associated with g/mx. The one third of 
its Virasoro central charge is 

k + g 
where we have set D = Dy^. Now we come to the main assertion of this letter: the elliptic 
genus of the HSS model is given by 
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so long as the diagram automorphism acts freely. To confirm this we check ^ the modular 
transformation property 



' ar + b 
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and the double quasi-periodicity 
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where h is the least positive integer such that 

hgujy e {k + g)Q'^ . 
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The modular transformation property (^) follows immediately from (|3q) since D = guj\. 
As for the double quasi-periodicity ( PPD it satisfies to check 
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for A, /i G /iZ. To prove this we first note that 
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which follows from ( ^Tj ) since 
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k + g-- - 2{k + g)- 
We then apply ( p^D and use, besides (^TD and (|43|), the properties presented earlier including 



([TT|), (p5|) and ( ^6]) while taking into account the fact that ax is a long root. 

In order to complete our identification we have to make sure that Z{t, z) has the proper 
Xy genus (a.k.a the Poincare polynomial). The Xy genus is related to the elliptic genus by 
Z(0, z) = y~^Xy 0. In the present case we have that 
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where 
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which is in accordance with the results in [21 -Q [r^|. Here we have used Kostant's lemma, 
([21| ) and the property that uj^ is stabilized by W^- Note that with our definition of h we 
have hQk{A, a) G Z as must be so. The Witten index can be obtained either from Xy=i ot 
Z{t, 0) using (^ as 



A few remarks are in order, 
(i) it is obvious that if we take g = su(2) then our formula of the elliptic genus reduces to 
the one given in for the N = 2 minimal model[|. (Note that gx = 0, W^ = W^ = {1, —1} 

and \P/Q\ = 2.) 

^The elliptic genus of the diagonal N = 2 minimal model was first given by Witten M- In ref. H the 
elliptic genera were erroneously written down for the remaining non-diagonal cases {i.e. D and E). The 
expressions there, contrary to the authors' claim, do not satisfy the correct modular transformation laws 
since they have included only the diagonal entries of the modular invariants. 



(ii) it is straightforward to compute the elhptic genus of the theory orbifoldized by Z/j. 
According to the formula presented in H, it is given by 
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where 
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and we used (^). This can also be rewritten as 
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In summary, we have presented a candidate formula of the elliptic genus of HSS model 
inspired by its Coulomb gas description and have checked that it has the pertinent prop- 
erties. 



I am grateful to S.-K. Yang for discussion. 
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